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00 

S r 3 qi'(r)(2b'(r) + c'(r))dr ::: A. (I 
0 

S- j r 3 qi'(r)f'(r)dr =A. (C-1) 

0 

3p ) 
n 

c c 

00 

( 4p -1-A) 41T s r 3 
<P ' ( r )( d' ( r ) + e' ( r) ) dr = A. n 5 

c c 
0 

00 

41T s r 3 cp ' ( r )g ' ( r ) d r =A. (l+B-2C) 3 
0 

(5. 12) 

where A. = 
kT c 
n 

c 
Note that the relations (5. 12) also hold if a'(r) is 

replaced by a(r), 2b'(r) + c'(r) is replaced by 2b(r) + c(r), etc. 

To determine the differential equation for the density, one can 

employ the first B. B. G. K. Y. equation 



where 

1 
Il(Z) 

1 
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r = Ir -r I . A more convenient form is 
""'1 ""z 

dn(z ) 
l 

dz 
1 

z tr 

= ~; S
00

rp'(r)[ s 1 

g(r, zl, zz)n(z2)(z2-zl)dzz] dr 

o z -r 
1 

We can express Eq. (5. 13) as 

1 
i1(z1 

l 

dn(z) 
1 

dz 
l 

2'IT 
t kT 

z tr 

= ;; f rp'(r)[s 

1 

g(r,z1,z2)n(z}(z2-z
1
)dz

2
J dr 

o z -r 
1 

z tr 

S
00

rp 1 (r)[ \ 

1 

g(r,z ,z )n(z )(z -z )dz ] dr J 12 221 2 
a z -r 

l 

(5. 13) 

(5. 14) 

Form (5. 14) is useful if the system is close to the critical point be-

cause one can choose a large compared to the non-zero range of the 

intermolecular potential but small compared to the length scale 

characterizing the nonuniformities in n(z ) and g(r, z, z ). For a 
l 1 2 

large 

rp'(r)-~(:)7 
where c is a constant and a is a length characteristic of the molecu-

lar diameter. Therefore, the second term on the right hand side of Eq. 

(5. 14) can be expressed as 

00 s [ 

z tr J 7 ,... 1 

~ ( a ) \ g(r, z, z )n(z )(z -z )dz dr 
ar J 12 221 2 

z -r 

(5.15) 

l 



-109-

We shall assume, and shall later verify, that Eq. (5. 15) is negligible 

compared to other terms in Eq. (5. 14). With this assumption, Eq. 

(5. 14) becomes 

1 
Il(ZT 

1 

dn(z) 
1 

dz 
1 

(5. 16) 

Since the range of z is z - a < z < z + a, 
2 1 2 1 

and a is small compared 

to the length scale characterizing the nonuniformity of n(z ) and 
1 

g(r, z, z). we are justified in expanding these quantities in a Taylor 
1 2 

series in z about z = z. Consequently, 
2 2 1 

dn(z) 
n(z2) = n(zl} + dz 1 

1 

l d2n(z } 
(z -z} + - 1 

2 1 2 di 

1 cf n(z
1

) 

( z - z }2 + '7' ( z - z t + 
z i o dz3 z i 

1 1 

and 

g ( r , z • z ) = g ( r , z , z )+ 
1 2 1 1 

8g(r, z ,z) l 82g(r,z ,z) 
. 1 1 1 1 

----a-z-- (zz-z1) + 2 -----
z az 2 

2 

l a3 g(r, z , z ) 
+ 1 1 (z -z f + . 

b az3 2 1 

2 

(z -z )2 

2 1 

Substituting Eqs. (5. 18) and (5.17) into Eq. (5.16), and letting 

n(z)=n +n'(z) and g(r,z,z)=g (r)+g'(r,z,z), we obtain 
c 1 2 c 1 2 

(5. 17) 

(5.18) 
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8
3
g'(r, z, z )J 

g(r,z,z)+n(z) 1 1 dr 
1 1 1 oz3 

z 

\ rs cp, ( r) i 
f>a [d~' (z ) 

J dz 2 

og'(r,z,z) 
1 1 az + 

dn' (z) 
1 

dz 
1 

1 1 dr 
8

2 
g' ( r, z, z )] 

oz z 
z 0 l 

2 

(5. 19) 

Expansion of n(z ) about n and T about T , and substitution of 
1 c c 

Eq. (5. 9) into Eq. (5. 19) give 

4'TT 
3kT 

c 

dn 
1 

( z ) Sa · [ ( n 1 ( z ) ) 
dz 1 cp'(r)r

3 
gc(r)+a(r)+(2b(r)+c(r)+3a(r)) ~ 

1 c 
0 

(
n'(z ))

2 

( ) ] 
+(3d (r )+3e(r )+4b(r )+2c(r)) nc 1 + T:' (f(r )+g(r)) dr 

4'TT ( T') dn'(z) f + 3kT Tc dzl 1 r3 cp'(r)(a(r)+gc(.r) )dr 
c 

0 

cPn'(z} a 
4'TT s c:p '(r )rs (a(r )+g (r) )dr + 

l 

30kT 
dz3 c 

c 
l 0 

(5. 20) 
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where we have neglected terms of o[( ~J d~'] . ~::Jr:' ) d~: 'J , 

O [ d
dzssn'] and the nonlinear part of the third term on the right hand 

1 

side of Eq. (5. 19). If, in addition, we replace a in Eq. (5. 20) by 

infinity and assume that the resulting error can be neglected, we obtain, 

with the aid of the integral relations of Eq. (5 . 12), 

3A (n'(z1) )2 - B (-T') -1 _dn-'(_z1..._) 
n T n dz 

c c c 1 

If we define a2 by 
0 

00 

30kT 
c 

S <p'(r)r
5 

(gc(r) + a(r)) = 

0 

Eq. (5. 2 .1) becomes 

Therefore, 

az 
0 

dy(z) 

dz2 

a2 
0 

n 
c 

where y(z) = n' (z) and {3 is a constant. · However, as 
n 

c 
dy2 (z) _ !BT" - o and y -±V~ . This implies that {3 = o. 

dz2 c 

z ' = z/ a and defining f(z') by 
0 

~~r J , y(z) =\/ii~ I f(z ) 

(5.21) 

(5. 22) 

(5.23) 

z-±oo, 

Letting 
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one obtains 

d2
f(z') (T') z = B Tc f(z')[f(z') -1] (5.24) 
dz'2 

with the boundary conditions 

f(z')-1 as z' -+ +oo 

f(z'}--1 as z' -+ -oo 

The solution of Eq. (5. 25} subject to these boundary conditions is 

or 

(5.25) 

1 

Since n'(z)/nc is proportional to (T'/Tc}2 , and each derivative with 
1 

respect to z introduces a multiplicative factor of ( T' IT )2 , we see 
c 

that the terms in Eq. (5.21} are of order (T'/T fl.. It is easy to verify 
c 

that all the terms that have been neglected are at least of order (T' / T )s/z c . 

For example, Eq. (5. 15} becomes 

2lT c 
kT J 

2lT 
= kT 

z +r 
00 

c(a)
7
[\ 

1 

(g (r}+g'(r,z,z})(n +n'(z))(z-z}dz] dr ar j C lZ C Z Zl Z 

z -r 
1 

oo 7[ z1+r 

S ~(a) S (n g'(r,z ,z }+n'(z }g (r)+n'(z }g'(r,z ,z })(z -z }dz] dr 
ar c lZ zc z iz 21 z 

a z -r 
1 

which can be bounded by 
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00 7[ z/r l cs (a ) s j(n g'(r,z ,z )+n'(z )g (r)+n'(z )g'(r,z ,z))liz-zjdz dr 
a r C lZ zC Z lZ 21 Z 

et z -r 
1 

(5.26) 
,:, 

If r > et and a is large compared to a molecular diameter , the term 

within the absolute value signs in Eq. (5. 26) can be bounded by a term 
1 

proportional to ( T 1 
/ T )2 . Thus, if the constant of proportionality is 

c 

D, Eq. (5. 26) is less than or equal to 

~ n(T:')t s'°l:)7r'dr = 
Ct 

cD (T:r [~)' (5.27) 

However, since the length scale characterizing the nonuniformity in 

n(z) is, from Eq. (5. 25 ), 

1 

we can choose et= K(T'/Tc)-t, where K « a0 (~ ) 2 Therefore, Eq. 

(5. 27) demonstrates that Eq. (5. 15) is of order (T'/T )512
• Likewise, 

c 

the nonlinear terms in Eq. (5. 19) and the error terms involved in the 

replacement of a by oo in Eq. (5.20) are of order (T'/T )5/z. 
c 

We note that the approach due to Cahn and Hilliard essentially 

reproduces the result of Eq. (5. 25). If the quantity µ+(n(z))-µ(n
1

) is 

computed by using the van der Waals theory, we obtain 

'~ . Note that the requirements g(r, z, z ) -+- 1 and g (r) -+- 1 as r -+- vo 
1 z c 

imply that the a(r ), etc., of Eq. (5. 9) must be o(l) as r -+- oo. 
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+ [AT Bk] µ (n(z)) - µ(n
1

) = n'(z) __ c_ n'(z)2 - T' n . 
Bn 2 c 

c 

Substitution of this result into Eq, (5. 5) yields an equation for the 

density of the same form as Eq. (5.24). 

C. TEMPERATURE DEPENDENCE OF THE SURF ACE TENSION 

As a two-phase system is allowed to approach its critical point, 

the surface tension of the system vanishes. A primary goal of critical 

. point theory is to predict the temperature dependence of the surface 

tension near the critical point. Toward this end, we recall the defini-

tion of the surface energy per unit area introduced in Chapter IV, 

00 

E = }S[\ (n(z )n(z )g(r,z ,z )-n1
2 g1 (r)')<p(r)dz] d~ 

s .) 1 z 12 . 1 

z 
0 

z 0 . 

+ 
2

1 S[\ (n(z )n(z )g(r,z ,z )-n 2 g (r)}q>(r)dz] d,t, J 1 2 12 vv 1 
(5.28) 

-00 

where z = z is the Gibbs dividing surface of zero superficial density. 
1 0 

The surface tension is related to the surface energy per unit area by 

dO' 
a - T dT =Es (5.29) 

Integrating Eq. (5. 29) and using the condition, O(T ) = 0, we find that 
c 

E (T)dT 
s 

(5.30) 

Substituting Eqs. (5. 25) and (5. 9) into Eq. (5. 28), with z = 0, we 
0 

have 
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00 1T 00 

E = 1T \ <P(r)r2clrS sin8d8s{13nz(g (r)+a(r))(tanhaz+tanha-z -2) 
s J c c 1 z 

0 0 0 

+nz 13z [ (g (r )+2a{r )tc(r )){tanh az tanh az ) 
c c 1 z 

+(a(r )+b(r ))(tanh az -1 )'I. t(tanh az -1 )z)] +0(13 3 )}dz 
1 z 1 

00 1T 0 

t 7T \ <P{r )rz dr s sin 8 d8 s {13 nz {g {r )ta{r ) ){tanh O'Z +tanh az t 2) J c c 1 z 
0 0 -oo 

tn 2p2 [(g {r )+2a{r )+c{r) )(tanh az tanh az -1) 
c c 1 z 

+ (a(r )+b(r) ){ {tanh az -1 )2t(tanh az -1 )2 
)] +o{f33 )}dz , (5. 31) 

1 z 1 

where 

-(BT')t 13 - AT 
c 

and 

z = z + r cos e 
2 1 

Integration over z of the terms proportional to 13 gives no contribu-
1 

tion. The terms proportional to [32 are of two types: 

and 

00 
('\ 

(gc(r) + 2a(r) + c(r)) J 
-oo 

(tanh az tanh az -1 )dz 
1 2 1 

(5.32) 

00 00 

(a(r) + b(r))[S (tanhaz. -1 )'dz
1 

+ S (tanhaz
2 

-1 )2 dzJ . (5. 33) 

-00 -oo 
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Equation (5. 33) is seen to be equal to 

which integrates to 

00 

4(a(r) + b(r)) S (tanh2az
1 

-1 )dz
1 

0 

4 
- - (a(r) + b(r)) 

Q' 

Equation (5. 34), when integrated over B in Eq. (5. 31 ),gives 

8 
- - (a(r) + b(r)) 

Q' 

( 5. 34) 

Equation (5. 32) is more complicated to analyze. From the identity, 

( tanh az tanh az -I ) 
1 z = l +tanh O'Z tanh ar COS(} 

1 

where ,, = tanh ar cos e' we have that 

= 

Q'

I s oo a sechzaz s oo 
-,,----=---1- dz - (tanh az tanh az - I )dz 
I +,, tanh az 1 - i z i 

-oo 1 -oo 

tanh2az -I 
1 

I +tanh az TJ 
1 

= I log( I +11)/ (I -TJ.) 
Q',, 

Therefore, we must consider 

1T 

Q'~ s 
0 

ar sine 
tanh(ar cos e) 

lo (I +tanh ar cos e ) dB 
g I -tanh ar cos 8 

Equation (5. 35) can be transformed to 

(5. 35) 
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tanhar 

a~ s dv lo ( l+v) g 1-v (5.36) 

0 

With regard to the integration over r in Eq. (5. 31 ), we assume that, 

because of the presence of the potential function qi(r ), the integrand is 

effectively zero for r greater than a few molecular diameters. There-

fore, the upper limit of integration can be replaced by 6, where 6 

can be several hundred molecular diameters. Since r is then bounded 

from above, and a is very small near the critical point, we can treat 

ar in Eq. (5. 36) as a small quantity. Equation (5. 36) can then be re -

placed by 

4 - - + O(a) 
a 

(5. 37) 

Equation (5. 31) therefore becomes equal to 

00 

E = -
4

7!" nz.[32 S r1,o(r)(g (r)+4a(r)+c(r)+2b(r})dr + 0([32
) 

s a c c 
(5. 38) 

0 

From Eq. (5. 30), we find that 

00 

S r\>(r )(g
0 

(r )+4a(r )+c(r )+2b(r) )dr+9( T:') 1 
0 

(5.39) 

The integral in Eq. (5. 39) can be determined by using the relationship 

for the configurational internal energy per molecule, 

00 

u = 27rn S rz.<P (r )g(r, n, T}dr 

0 

(5.40) 
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We can find the limiting form of u from the equation of state, Eq. (5. 6). 

Substitution of Eq. (5. 8) into Eq. (5. 40) yields the following integral 

relationships: 

n~ ( :: - CkT c) = 2-rr f <p(r )r~gc (r) + Za(r ))dr (5.41) 

0 

and 

00 

= 2Tr S r 2 cp(r)(2a(r)+2b(r)-tc (r ))dr 

0 
(5.42) 

From these equations, we see that 

00 

2Trn S r 2cp(r)(g (r)+4a(r)+2b(r)+c(r))dr= 
c c 

BkT c 
2 

0 

Therefore, Eq. (5. 39) becomes 

( 8 )~ B3

/

2 

( T') 3/

2 

[( T') 2J CJ' = n kT a - -;; - + 0 -c c o 9 fi T T 
c c 

We note that the theory of Cahn and Hilliard, when the 

(5.43) 

van der Waals limiting form of the equation of state is employed, yields 

the same three-halves power law for the temperature dependence of the 

surface tension. The prediction that 

is reasonably close to the approximate experimental result (Ref. 19 , 

p. 164) 
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D. SUMMARY AND CONCLUSIONS 

In this chapter we have demonstrated that the first B. B. G. K. Y. 

equation can be reduced to a simple equation for the density profile 

if the pair-correlation function is assumed to be an analytic function 

of the temperature and density. This assumption is in the spirit of the 

van der Waals approach to the limiting form of the equation of state. 

We have also remarked that the thermodynamic theory of Cahn and 

Hilliard predicts essentially the same results as those derived from the 

statistical mechanical theory. The latter theory has the following 

advantages over the former: 

(a}. In the thermodynamic theory, it is necessary to intro -

duce a phenomenological constant. In the statistical mechanical 

theory, every constant is expressible in terms of well-defined 

quantities. 

(b ). In the thermodynamic theory, one must deal with the 

analytic extension of the free energy density into the two-phase 

region. This problem does not arise in the statistical mechan­

ical theory. 

( c }. It is not necessary to introduce the concept of a free energy 

density expansion in the derivation of the statistical mechanical 

theory. 

The theory based on the first B. B. G. K. Y. equation can be 

modified, in certain cases, to include more realistic forms of the equa­

tion of state. Unfortunately, the exact behavior of the critical isotherm, 

the coexistence curve, and the equation of state is difficult to 
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d t 
. [26],[27].[28],[29] If h . f . d e ermine . t e equation o state is assume to 

be[ 27], [ 28] 

p' =An'ln'lv-BT'n' -CT' 

where v is some positive number greater than or equal to 2, one could 

alter the density expansions in Section B to include terms of order 

(n')v+i. However, if n is not an integer, the algebra involved be-

comes complicated. At best, extensions of this type appear awkward. 
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APPENDIX A 

COMMENTS ON UNIQUENESS 

Specialized to the plane ideal wall problem, the B. B. G. K. Y. 

equations become 

and 

a 
"l1z. 

1 

dp(z} 
1 

dz 
l 

= - p~zl S 
z > 0 

2. 

z 
12. 

r 
12. 

cp'(r }p(z}g(z}(r ,z,z}dr 
12. 2. 12. l 2. ""2. 

(h} ___ 1 [S zi, h+1 '( > ( > [ (h+i > 
g - kT <P r · h+ P zh+ g r. h 1, 1 1 > 1, +1 

zh+1 o 

(A-I} 

(A-2} 

where the arguments of g(h) are upderstood. The modified equations 

are 

dp(z ) 
l 

and 

h 

dz 
1 

I 
k=l 

p(z) ('z 
__j_ j ......l.l... cp' ( r ) p ( z ) g ( z ) ( r , z , z ) d r 

kT r iz z 12 1 z ""z 
Z:t>O 12. 

(A-3) 

(A-4) 
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Suppose that Pa and g~h) are solutions to Eqs. (A-1) and 

(A-2), and that pb and g~h) are solutions to Eqs. (A-3) and (A-4), 

subject to the boundary conditions 

and 

p (z ) 
a I 

-n as z - + oo 
l 

(h) h 
g ( np ( r n ) , z , . . . zh) 

a xm xm i 

(A-5) 

(A-6) 

fixed 

where n and g~h) are given functions. Then, is it true that Pa (z
1

) = 

pb (z 
1
) and g~h) = g~h)? One can easily see that Pa = pb and 

(h) (h) "f d (h) . d d (h) . t ga = gb , 1 pb an gb are unique, an Pa an ga ex1s . 

Since Eq. (A-4) is just a sum over i of Eq. (A-3), any solution, Pa 

and g~h), to Eqs. (A-1) and (A-2) is also a solution of Eqs. (A-3) and 

(A-4). If the solution to Eqs. (A-3) and (A-4) is unique, then we must 

have that: 

a. Pa and are unique. 

b d g (h) - g(h) 
· Pa = Pb an a - b 

Physically, we expect that the solution of Eqs. (A-3) and (A-4), 

subject to the boundary conditions (A-5) and (A-6),will be unique, 

provided two phases are not present. There is experimental 
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evidence, for two-phase systems, that supports the conclusion that 

no unique solution of Eqs. (A-3) and (A-4), subject to the boundary 

conditions (A-5) and (A-6), exists. We must, therefore, exclude two­

phase systems from the considerations of Chapter II. The method 

presented in Chapter III is likewise not applicable to two-phase 

systems. The reason for this fact is discussed in Part 11. 
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APPENDIX B 

THE FUNCTIONAL EXPANSION TECHNIQUE 

Percus (Ref. 13, p. II-54) has derived a functional expansion 

for the change in density resulting from the application of an arbitrary 

external potential. We have that 

S 
-(3u(~) 

n(rju)e-(3u(~) = n(r) + ~(r, r )(e 1 -l)dr 
"' ..., z. ,.., ""! . "'1 

1 IT: -(3u(_;s ) -(3u(i) 
+ -

2 
Y(r, r, r )(e 2 -l)(e 1 -l)dr dr + . 

3 ..., "'1 ,...,z ""1 "'z . ' 

(B-1) 

where a:' s are the Ursell distribution functions and n(r) is the density 

before the potential is applied. n(r,lu) is the density fupction when the 

potential is acting on the system. We note that 

and 

By considering the initial system to be uniform and letting u(r) 
rV 

represent an ideal wall at z = 0, one obtains 
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p(z) :::: n-nz S (g( z)(r, r )-l)dr 
1 ~1 /Vz "'"'z 

z <O 
z 

n3 r> 

+ T j s 
z <O z <0 

z. 3 

+2) dr dr + O(n4) 
""z ,.,,.,3 

(B -2) 

We notice that Eq. (B-2) can be expanded as a density series and thus 

should duplicate Eq. (2. 36). Using the fact that for a uniform fluid, 

(z) -~<p(r )[ s ] g (r,r):::e iz l+n drf(r)f(r )+O(nz), 
"'1 ""z "'1 13 z 3 

where 
-~(r ) 

f ( r ) = e 13 
- 1 

13 

we can express Eq. (B-2) as 

p('.) = n-n2 S f (\)d_;:,tn'[~ S 
z <O z < 0 

S f(r )f(r )f(r )dr dr + 
lZ Z3 13 "'? 'i 

z <O 

or 

z z 3 

-
2
1 S S (f(r )f(r )+f(r )f(r )+f(r )f(r ))dr d~ 

lZ Z' 13 Z3 1 Z 13 "'Z -' 

z<O z<O 
z 3 

r 
- I 

.J S (f(r )+l)f(r )f(r )dr dJ+ O{n4 ) 
lZ 13 D ""z "lj 

z < 0 
z 

all 
z 
3 
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p(z) = n-n2 S f(r )dr +n3 
[-

1 ll ,..,z 
z<O 

2
1 s s f(r )f(r )f(r )dr dr 

lZ Z3 13 ~Z ") 

z <O z<O 
z z 3 

-s s 1 
f(r )f(r )f(r )dr dr + -

2 lZ Z3 13 "'z "".3 S S f(r )f(r )dr dr 
lZ 13 "'z "'3 

z<O z >O z<O z <0 
z 3 z 3 

-s 
z < 0 

z 

S f(r )f(r )dr dr J + O(n4) 
13 Z3 ,...,z ~3 

z>O 
3 

We shallnowshow that Eq. (2. 36), 

p(z) = n+nz.[S f(r )d£ -13 l + n
3

[ 2
1 (S f(r )dr, -13) 

1 lZ Z 1 lZ. Z 1 
z>O z>O 
z z 

+ S S f(r )f(r )d.r, dr -(3 S f(r )dr 
i z z. 3 z ""'3 1 i z ""'z 

z>Oz>O z>O 
z 3 z 

z 

+ -2
1 S S f(r )f(r )f(r )dr dr -(3 ] +O(n4

) 
lZ Z 3 13 ""z ""3 Z 

z >Oz>O 
z 3 

is equivalent to Eq. (B-3). 

Since 

13 = sf(r )dr = sf(r )d~ 
1 1 z ""z z 3 3 

and 

(B- 3) 
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f3 = \j\ f(r )f(r )f(r )dr dr 
Z J 1 Z Z3 13 "'z "j 

Eq. (2. 36) can be written as 

p(z )=n-n2 
(' f(r )dr +n3 

[-2
1 S S f(r )f(r )dr dr 

1 J lZ "'z lZ 13 · "i "'3 
z<O z<O z<O 
z z 3 

-s S f(r )f(r )di d~ + 
l Z Z3 Z :s 

~ S S f(r )f(r )f(r )dr dx 
z>O z>O lZ Z3 -13 "2 '1 

z>O z<O z 3 z 3 

-
2
1 sr f(r )f(r )f(r )dr dr] + O(n") j lZ Z 3 13 ,...,z ""3 

or 

p(z) = n-n2 r f(r )dt +n1 [2
1 s s f(r )f(r )dr di: 

l J 1 Z Z lZ 1 3 "'z :s 
z <0 z<O z<O 

z z 3 

-S S f(\}f (rZ3 )d;;z d~3 - J s f(r )f(r )f(r )dr dr 
lZ Z3 13 "i rj 

z>O z <O z<O z > 0 
z 3 z 3 

- ~ J 
z < 0 
z 

S f(r )f(r )f(r )dr dr] 
lZ Z3 13 "i ~ 

z < 0 

+O(n~ 

3 

Because 

S (' f(r )f(r )dr dr = (' J 1 z z 3 "'z "'1 .) 

z>O z<O z<O 
z 3 z 

(' f(r )f(r )dr dr J 13 Z3 "2 'i 
z > 0 
3 
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this last expression is the same as Eq. (B-3). 

We should remark that the above functional expansion technique 

is closely related to the method presented in Chapter III and, for the 

purposes of obtaining a density series solution to the problem, appears 

simpler to implement. 
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