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where the sums above are ovVer g.
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The following matrix equation is obtained:

T .
r11 r12 o rlk Z1 asll s W - asml
r21 r22 e @& % s r2k Z2 as12 & el asm2
rk1 rkz L iBa § o8 rkk Zk aslk oW as X
m
Zaglyg e o o o Eagkyg O O e o o e O a:B
g g
as11 312 wh e s aslk 0 D w.:5.%'w O
(21 )
asml asm2 a & 8 asmk . . . J
where:
r =71 = a &a for J,f = 1,saesXK 22
Tt T TN . e
Z, = v
5 D oy, /F) (23)
g

In the above equations the i subscript on Si represents

the i-th solid.
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In using this computational technique one starts
with any positive set of mole numbers, (Y)§=1, that
satisfies the mass balance constraint, Eq. (6), com-
putes fi(Y) by Eq. (2) for all gases, and all the matrix
elements of Eq. (21). Then Eq. (21) is solved for a
and the improved set of mole numbers for the gases is
obtained from Eq. (15). The improved mole numbers can
then be used to repeat the calculation until the mole
numbers do not appear to move any appreciable distance
with each iteration.

It is possible to compute mole numbers that are
less than zero, which, of course, is not allowed as
an acceptable solution. Therefore, when an iteration
- yields negative mole numbers, the solution may be adjusted
as follows. A number, A, is computed such that 0<A<1
and )\A.i limits the computed changes in the mole numbers
so that all are positive. Adjusting the new set of mole
numbers in this manner does not violate the mass balance

be the computed

t
constraint. To show this, let (Xo) oy

mole numbers that are to be adjusted and let:
= Al(=? )|+ (24)
o A s TN £

Substituting this equation into Egq. (6) yields:
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Doy e - v) + vy = v e
i

Simplifying Eq. (25) yields:

Az:aijxg - A}Eaijyi + Ezaijyi = by (26a)
i ; i

or

3 ¥

Since both (XO)E=1 and (Y);‘:’=1 satisfy the initial con-
straint, Eq. (6), adjusting the mole numbers as described
is acceptable.

Consider the following examples to illustrate
the technique. The first example is calculable by hand
and is presented to demonstrate the accuracy of the opti-
mization technique. The second example is far more com-
plex, and to obtain the result by hand computation would
be rather tedious.

Example 1. Consider a stream of 80 mole per cent
N2 and 20 mole per cent CO passing over solid FeO.

The reaction occurring is:

CO + FeO = CO, + Fe (27)
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The conditions of the system are 1000°C and one
atmosphere total pressure. ‘AF%/RT values may be

2 In order to start the

obtained from the literature.
computation, a set of mole numbers that satisfies the
1nitiél mass balance must be obtained. It is assumed
that FeO is in excess. Table 1. presents the information
used to start the calculation and the result for each
iteration. A hand calculation reveals that the final

amount of CO, should be 0.05496 moles.

Example 2. Consider now a system of steam and

carbon briquettes in an iron reactor. Assume that the
following components are present at equilibrium: H5O0,
CHy, Hp, 0p, CO, COp, C, Fe, and FeO. The temperature

of the system is 600°C and the pressure is one atmosphere.
As a basis for the calculation use one 1b. mole of

steam with carbon and iron in excess. Af%/BT values

at 600°C may be obtained from the 1iterature.2’3
Table 2. presents the information used to start the
calculation and the result after 12 iterations. A

hand calculation for this system would be very time

consuming.



454

REFERENCES FOR PROPOSITION I.

W. B., White, S, M. Johnson and G. B. Dantzig,
J. Chem. Phys. 28, 751(1958).

C. E. Wickes and F. E. Block, Bulletin 605,
Bureau of Mines, (1963).

F. D. Rossini, et al, "Selected Values of Physical
and Thermodynamic Properties of Hydrocarbons
and Related Compounds," API 44 Project,
Carnegie Press, Pittsburgh, (1953).



455
TABLE 1.

Results for Example 1.

Input Data:
Component co FeO COZ Fe N2
AAFf/RT -21.207 -17.082 -37.319 0. Qs

Initial moles 0,02 T2 0.18 0.18 0.8

Iteration # O 1 2 3 Final

Comp.

N, 0.8 0.8 0.8 0.8 0.8

co 0.02  0.077 0.145 0.145  0.14502
co, 0.18 0.122 0.055 0.054  0.05497
FeO 1,82  1.87 1.945 1.945  1.94502

Fe 0.18 0.122 0.055 0.054 0.05497
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TABLE 2.

Results for Example 2.

Input Data:
Component AF:/RT Initial Moles

Hy0 -27.499 0.65
CHy, 0.758 0.10
H, 0. 0.15
0, 0. 0.05
Co -26.066 0.10
CO, -54.412 0.05
C 0. 4.75
Fe 0. 4.95
FeO -28. 549 0.05

Result after 12 iterations:

Component Moles Mole Fract. in Gas
Hy0 0.189 0.1857
CHy 0.134 0.1319
Hy 0.541 0.5306
0y ~0 =
co 0.085 0.0834
CO, 0.069 0.0681
g b.710
Fe L, 4lo

FeO 00586
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PROPOSITION II.
The evaluation of semi-infinite Fourier integrals
by Simpson's rule may be accomplished by using the Fast

Fourier Transform.

The presentation of the Fast Fourier Transform

1,2 greatly reduced

(FFT) algorithm by Cooley and Tukey
the time required relative to other algorithms for the
evaluation of Fourier transforms. The FFT is essentially

e trapezoidal3 integration and evaluates the sum:

N-1
X(J) = D A(k)exp(12mik/N) (1)
k=0
= e R I £ R, T

The number of operations required to evaluate Eq. (1)
in a straight forward manner is N2, but using the FFT
the number of operations goes like N*loge(N).

To be considered here is the evaluation of the

3

semi-infinite Fourier integral by Simpson's rule” for

integration using an available FFT routine.
In terms of the real and imaginary parts, the

integrals of interest are:

0

Ic(k) = f(x)cos(kx)dx (2)
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and
o0

I(k) = | f(x)sin(kx)dx (3)

at

o

Thérefore, it is necessary to show that Simpson's

rule for a semi-infinite integral on a grid spacing of
Ax may be written in terms of two trapezoidal integra-
tions on grid spacings of Ax and 2Ax. The integration

is to be carried out far enough in x space so that

fix) 0.
Simpson's rule on the semi-infinite interval,

0 £ X < », may be written as:

@ oo}
. 1
Fg(ax) = (2ax/3)| > y, +2 D vy, - 3y, (4)
odd i even i
where y; = y(xi) for 1 =1,2,.... , and x; = O,
The trapezoid rule on the same interval may be written

as?

F.(ax) = Ax[ Z ¥y ™ %yl] (5)
all i

Now consider the trapezoid rule written on the odd points:

F.(2ax) = 2Ax[ Z ¥y = %y1] (6)
odd i
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Hence, Simpson's rule may be written in terms of
Eqgs. (5) and (6) as:

F (ax) = |4F.(ax) - Fy(2ax)|/3 (7)

Define the error of the integration rules as:

roo

E (ax) = F¢(ax) - | h(x)dx (8)
Jo

E (ax) = Fg(ax) - | h(x)dx (9)

0

Then the relation between the errors is:
E (ax) = |4E (ax) - E.(2ax)|/3 (10)

The above equation does not imply that Simpson's
rule is better than the trapezoid rule for the same
interval size, Ax, or the converse. This result may be
somewhat unexpected for Simpson's rule is usually
"believed" to be better than the trapezoid rule. How-
ever, de Balbine and F':c'anklinLF have shown that on the
infinite interval the trapezoid rule is always at
leaSt as good as Simpson's rule.

A trial calculation using Eq. (7) and an available

FFT routine5 was made on the following 1ntegra1s:6
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Ic(k) = x*exp(-x)cos(kx)dx (11)
Yo

Is(k) = x*exp(-x)sin(kx)dx (12)
o

0
A total of 512 points were used on the interval
0< x £51.1 . Error norms were defined as:

By = X |I (k) - (1-k%)/(1+k

2)2l (13)

E_ = 22 I (k) - 2k/(1+k2)2| (14)

where the sums are over the first 50 points in the
k domain.

Simpson's rule was better for the real (cos) inte-
gral, its error norm was 0.,00098 while for the trapezoid
rule it was 0.041. But the trapezoid rule was better
for the imaginary (sin) integral, its error norm was
0.00013 while for Simpson's rule it was 0.00054,

In conclusion, the semi-infinite Fourier integrals
defined by Egs. (2) and (3) may be evaluated by a Simpson's
rule by éarrying out two evaluations of the ihtegrals
on grid spacings of Ax and 2Ax using an available FFT
routine. At the present time there are no criteria to

determine which integration rule yields more accurate
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results. This is an important research topic because
the errors for the trial case were in the fourth deci-
mal place. Some numericel studies require iterative
Fourier inversions, such as in liquid state physics,7
and knowing which integration rule to use would be
helpful in reducing overall errors. The only "advice"

for the present time is to run test cases on known

functions that mimic the functions to be studied.
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PROPOSITION III.

The criterion of optimality for the design of any
number of continuous stirred tank reactors in series
to achieve a specified conversion for certain rate ex-
préssions is: The tangent to the inverse rate curve
as a function of conversion at each reactor exit con-
version must be parallel to the corresponding line
through the two points, (x,y), designated by the inlet
conversion of that reactor and the value of the inverse
rate at the exit conversion, and the outlet conversion
of that reactor and the value of the inverse rate at
the outlet conversion of the next downstream reactor,

as i1llustrated in Figure 2.

The optimal design of a reactor system is defined
as minimum total volume for a specified conversion.
It is the purpose 6f this work to describe a graphical
procedure to minimize the total volume of a series of
continuous stirred tank reactors (CSTR's) for certain
inverse reaction rate expressions, f(x), as a function
of conversion, Xx.

Consider f(x) to have the followihg properties:

)0y B ixysg, %zl 20 (1)
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where the prime (') denotes a derivative. This type
of inverse rate expression is concave upward. Also,
it is assumed that there is no volume change occurring.
The volume of a single CSTR for a given reaction

of this type is:1

T = Cyu(xp - x3)f(xp) ' (2)

where T 1is the volume of the reactor divided by the
volumetric feed rate, Cy, is the concentration én which
the conversions are based, Xe is the final conversion
and Xy is the inlet conversion. Graphically, T/Cyx
is seen to be the area of a rectangle with dimensions
Xp = Xy and f(xf) as shown in Figure 1.

Consider now n CSTR's in series and designate the
inlet conversion to the series as x, and the outlet
conversion as X,. For unit Cy and volumetric feed
rate, the volume of the system is:

n

vV = Z(Xi = xi-l)f(xi) (3)
i=1

To minimize V, or find a stationary point of V
n-1
with respect to the intermediate conversions, (X)k=1'

differentiate with respect to xy:
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BV/Bxk = (Xk - Xk—l)f'(xk) + f(xk) e f(xk+1) (L“)
Equating to zero yields:

£'(x,) = [f(xk+1) - f(xk)]/[xk - xk_l] (5)

The above equation says that for the volume to
be a stationary point, the tangent to f(x) at x, is
parallel to the line through the two points xk_l,f(xk)
and xk,f(xk+1) . This is illustrated in Figure 2. for
a two reactor system. For a two reactor system this
stationary point is a local minimum because azv/Bxf> 0.

Examining the nature of the stationary point by
infinitesimal variations? Ay =(x - x4), about itself
did not yield conclusive results for the n reactor
cése, n>2., The problem is that arbitrary variations
Ai are not allowed. ‘Recognize that the intermediate
conversions are not allowed to merge or cross. Specif-
ically, the desire is to maintain n distinct reactors
for f(x) as described in Eq. (1) and mimic a plug flow
reactor for the specified x, and x,.

However, consider the following physical argument.
Suppose that the system can be made smaller by appro-
priate Ai variations. There is a physical constraint

to the minimum size of the system and that is the case
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of the plug flow reactor. That implies that there
must be a minimum somewhere with respect to the inter-
mediate conversions, and the minimum is a stationary
point characterized by Eq. (5). The system may always
be made larger by making all intermediate conversions
very close to Xo but still distitnict.

To show that the local minimum is unique, suppose
that the inlet and outlet conversions, X, and X1 to
the first reactor are specified. This then determines
the outlet conversion to the second reactor, because
for the optimum to occur, the following relation must

be satisfied:
f(xz) - f‘(xl)]/[x1 - XO] = f'(xl) (6)

~ There can only be one value of Xo because:
e
F(x,) = f(x5) - £f(xy) = | £'(z)dz (7)
%1
where f'(z) > 0, hence, F(xz) is always increasing.
Thus, in general, each outlet conversion is uniquely
determined by specifying X .The problem then is the
proper choice of x4 to "fit" the desired number of
reactors between X, and x_, and a trial and error

n

procedure results.
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Also, the overall conversions of each reactor,

AXj; = X3 = X531 form a decreasing sequence. Using,
in general, Egs. (6) and (7):

X1+
fei{z)dz = (xi - xi_l)f'(xi) (8)
X
Because f’(z)Zf'(xl) in the range of integration, the

following 1s obtained:
(Xi+1 &= Xi)f'(xi) £ (xi = Xi-l)f'(xi) (9)

Or, for the equality, the overall conversions are equal.
As an example of the volume minimization, consider

the following rate expression:

° 1.2 1'2
r = kC1 £ - kCyx (1 - x) (10)
. ’
Specify Xy = D b 0.90, kCiy = 1., and unit volu-

metric flow rate. The results for a two and four reactor
system are presented in Figures 2. and 3., and Table 1.
Note the parallel lines and the decreasing overall
conversions for the reactors in these Figures.

This reactor design procedure may be applied to
experimental rate data that have the proper behavior
since line estimating techniques that yield good first

derivative estimates have recently been developed.B'u
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The optimal policy of a sequence of continuous
stirred tank reactors has also been investigated by
Aris.5 The approach by Aris is different than the one
presented in this proposition and involves dynamic pro-
gramming. The procedure presented here appears to be
more adaptable for general computer programming, but
the final result for a reactor system will be independ-

ent of the method of solution.
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in out

Figure 1. Graphical representation of the design
equation for a continuous stirred tank
reactor. (ref. 1)
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TABLE 1.

Results of design calculation of two and four
CSTR's for minimum total volume.

Inlet conversion = 0., Outlet conversion = 0.9
Unit kCx and volumetric flow rate.

Inverse rate: f(x) = 1/(1-x)%%#1,2

Two reactors:

Intermediate conversion = 0.6977
Size reactor #1. = 2.933
Size #2/#1 = 1.0928

Total volume = 6,138

Four reactors:

Intermediate conversions: 0,4606, 0,7004, 0,8290

Size reactor #1 = 0.9633

Size normalized by #13 #2 = 1.054
#3 = 1,108
#4 = 1.163

Total volume = 4,179



